Abstract. We consider the volume expansion of the Blaschke metric, which is a projectively invariant metric on a strictly convex domain in a locally flat projective manifold. When the boundary is even dimensional, we express the logarithmic coefficient L as the integral of affine invariants over the boundary. We also formulate an intrinsic geometry of the boundary as a conformal Codazzi structure and show that L gives a global conformal invariant of the boundary.
Introducton
Renormalization of the volume of a complete metric has been an important topic in conformal and CR geometries. In conformal geometry, the complete metric we consider is the Poincaré-Einstein metric ( [G] , [HS] ), which generalizes the hyperbolic metric on the unit ball. The volume renormalization of Poincaré-Einstein metric was motivated by theoretical physics and it has been intensively studied also in mathematical viewpoints ( [Al] , [An] , [GMS] ). A Riemannian metric g + on the interior X of a compact manifold with boundary is called a Poincaré-Einstein metric if it satisfies the Einstein equation and x 2 g + extends to a metric on X, where x is a defining function of X which is positive inside. The conformal class of x 2 g + | T ∂X is independent of the choice of x and defines a conformal structure [h] on M = ∂X, which is called the conformal infinity of g + . The volume of X with respect to g + is infinite, but one can renormalize it by expanding the volume of subdomains; a representative metric h ∈ [h] determines a special choice of a defining function x with x 2 g + | T M = h and the volume of each sublevel set of x has the following expansion:
(1.1) Vol({x > ǫ}) = ⌈n/2⌉−1 j=0 c −n+2j ǫ −n+2j + V + o(1) (n : odd) L log 1 ǫ + V + o(1) (n : even), where n = dim M . The constant term V , called the renormalized volume, is independent of the choice of h ∈ [h] when n is odd. When n is even V depends on the choice, but instead the coefficient L of the logarithmic term becomes an invariant of g + . Moreover, it is shown in [GZ] , [FG] that L agrees with the integral of the Q-curvature over M , which is a global conformal invariant.
The complex counterpart of this setting is the Cheng-Yau metric on a strictly pseudoconvex domain with CR boundary in a complex manifold. The Cheng-Yau metric is a complete Kähler-Einstein metric constructed from the solution to the complex Monge-Ampère equation ([CY2] ). In this case, there are two ways of choosing a defining function for the volume renormalization. Seshadri [Se] uses a defining function which satisfies a normalization condition analogous to that in the conformal case and shows that the coefficient of the logarithmic term agrees with the total CR Q-curvature, though it vanishes for a natural class of contact forms, namely the class of pseudo-Einstein contact forms. On the other hand, the volume expansion with respect to the approximate solution to the Monge-Ampère equation is considered in [HMM] . The expansion has no logarithmic term but the constant term is shown to agree, up to a topological term, with the total Q-prime curvature, which is a global CR invariant defined by Case-Yang [CaY] and Hirachi [H] for pseudo-Einstein contact forms.
Conformal geometry and CR geometry are both examples of so called parabolic geometries. A parabolic geometry is a Cartan geometry modeled on the homogeneous space G/P , where G is a semi-simple Lie group and P is a parabolic subgroup, and can be treated in a unified way by Cartan connections, tractor calculus, and BGG machinery ([ČG1] , [ČS] , [ČSS] ).
In this article, we consider the volume renormalization in the setting of another important example of such geometries: projective differential geometry. Recall that two torsion-free affine connections are said to be projectively equivalent if they have the same geodesics up to parametrization. A differentiable manifold N equipped with a projective equivalence class [∇] (a projective structure) is called a projective manifold. The flat model is the projective space RP n+1 with the canonical projective structure and we say (N, [∇] ) is locally flat if it is locally projectively equivalent to the flat model. We view a locally flat projective structure as a real analogue of complex structure, and consider a strictly convex domain Ω in a projective manifold instead of a strictly pseudocovex domain. Along the analogy to the complex case, we define the real Monge-Ampère equation for a projective density ρ ∈ E(2) as
with the D-operator on the tractor bundle. (See §2 for the definitions of E(2) and D I .) Then, with the (approximate) solution to (1.2), we define a projectively invariant metric g on Ω by
where P ij is the projective Schouten tensor of ∇ ∈ [∇]. We call g the Blaschke metric by following Sasaki [Sa1] . The Blaschke metric is a generalization of the Klein (projective) model hyperbolic metric while the Poincaré-Einstein metric is a generalization of the Poincaré model hyperbolic metric. Fixing a projective scale τ ∈ E(1), we obtain the same volume expansion as in (1.1) with x = (−2τ −2 ρ) 1/2 , and V (resp. L) is independent of the choice of τ when n is odd (resp. even), where n is the dimension of M = ∂Ω (Theorem 3.4). We then relate the invariant L to the geometry of the boundary. If we fix a scale τ , the boundary M is endowed with several affine tensors such as the affine metric h αβ , the affine shape operator S α β , and the Fubini-Pick form A αβγ . Under a rescaling τ = e −Υ τ with Υ ∈ C ∞ (N ), h αβ and A αβγ transform conformally and the transformation formula of S α β involves the 1-jet of Υ along M . Given a 1-jet of a projective scale along the boundary, we introduce a normalized scale via the tractor parallel transport so that L is written in terms of the integral of affine invariants (Theorem 4.10).
Although the shape operator S α β is an extrinsic curvature of M , there is an intrinsic definition of the geometric structure on a strictly convex hypersurface in a locally flat projective manifold: A conformal Codazzi structure is a conformal structure [h] (or a Möbius structure when n = 2) together with a trace-free symmetric tensor A αβγ ∈ E (αβγ)0 [2] which satisfies certain integrability conditions called the Gauss-Codazzi equations (see Definition 5.6). This is a special case of the framework of parabolic subgeometries proposed by Burstall-Calderbank [BC] . They develop the general theory of parabolic geometry on a submanifold of a generalized flag manifold, and derive the Gauss-Codazzi equations in terms of Lie algebra homology and the BGG operators. In this paper, we derive an explicit form of the equations in a rather direct way based on the comparison of the ambient projective tractor bundle and the conformal tractor bundle over the boundary; these two bundles are canonically isomorphic and the projective tractor connection induces a connection on the conformal tractor bundle over M , whose flatness corresponds to the Gauss-Codazzi equations. The form of the equations depends on whether n = 2, 3 or ≥ 4. When n ≥ 4, the equations are
where tf denotes the trace-free part, W h αβγµ is the Weyl tensor, and (δA) αβ := ∇ h γ A αβ γ . See Proposition 5.3 for the Gauss-Codazzi equations in n = 2, 3. The differential operator applied to A αβγ in the Codazzi equation is known as the second BGG operator associated with the representation S 2 0 (R n+2 ) * of SO(n + 1, 1). Conversely, given a tensor A αβγ on a conformal manifold with the Gauss-Codazzi equations, one can define a local immersion to the projective space such that the induced conformal Codazzi structure agrees with the original one (Theorem 5.8, the projective Bonnet theorem). Thus it contains complete information on the local geometric structure on a hypersurface in a projective manifold.
In order to relate the invariant L to the conformal Codazzi structure on the boundary, we introduce a normalization on the 1-jet of the projective scale by imposing the harmonicity ∆τ = O(ρ) with respect the ambient metric g IJ = D I D J ρ. Any conformal scale on the boundary extends to such a scale and we call it a harmonic scale. In a harmonic scale, the shape operator is expressed with the Fubini-Pick form and we obtain a representation of L as a conformal invariant on a conformal Codazzi manifold (Theorem 5.11). Explicit formulas are given for n = 2, 4 (see (4.23), (5.29)).
Using the ambient metric, one can construct GJMS operators and Q-curvature for conformal Codazzi geometry and show that the total Q-curvature agrees with L as in conformal and CR cases; the details including some variation formulas will appear in [M] . This paper is organized as follows. In §2, we review basic notions in projective differential geometry including projective tractor calculus. In §3, we define the Blaschke metric via the solution to the real Monge-Ampère equation and consider the volume expansion to obtain invariants of the domain. In §4, we express the logarithmic coefficient L as the integral of affine invariants over the boundary. We then derive the explicit form of the Gauss-Codazzi equations in §5 and define the conformal Codazzi structures. We also introduce harmonic scales in order to represent L as a conformal invariant.
Notations. We adopt Einstein's summation convention and assume that
• uppercase Latin indices I, J, K, . . . run from 0 to n + 1; • lowercase Latin indices i, j, k, . . . run from 1 to n + 1; • lowercase Greek indices α, β, γ, . . . run from 1 to n.
2. Projective structure and tractor bundle 2.1. Projective structures. Let N be an oriented C ∞ -manifold of dimension n + 1 ≥ 3. We use abstract index notation to denote tensors and tensor bundles over N . For example, E i and E i stand for T N and T * N respectively, and sections of the bundles are denoted by X i or T i . The symmetrization and skew symmetrization of a tensor T i1i2...i k are denoted by T (i1i2...i k ) and T [i1i2...i k ] respectively. The corresponding tensor bundles are denoted by
, and we also use the same symbols to denote the space of sections of the bundles. Since N is oriented we can define, for each w ∈ R, an oriented real line bundle E(w) = (∧ n+1 T * N ) −w/(n+2) , which we call the projective density bundle of weight w. A connection ∇ on T N induces a connection on E(w), which we also denote by ∇. A positive section of E(1) is called a projective scale. We put (w) to a bundle to indicate the tensor product with E(w), as in E ij (w).
Let ∇ and ∇ ′ be torsion-free affine connections on T N . We say ∇ and ∇ ′ are projectively equivalent when there exists a 1-form p i such that
where δ i j is the Kronecker delta. We write this relation as ∇ ′ = ∇ + p. It is known that two affine connections are projectively equivalent if and only if they have the same unparametrized geodesic paths; see, e.g., [ČS] for a proof. An equivalence class [∇] is called a projective structure on N . The curvature and Ricci tensors of ∇ ∈ [∇] are defined by
l . Note that the Ricci tensor is not symmetric in general. To deal with this matter, we introduce a subclass of [∇] , which consists of Ricci symmetric connections.
Lemma 2.1. For each choice of a projective scale τ ∈ E(1), there exists a unique ∇ ∈ [∇] such that ∇τ = 0. Moreover the Ricci tensor of ∇ is symmetric.
Proof. Let∇ be an arbitrary representative connection. Take a local unimodular frame {e i } with respect to the volume τ −(n+2) and letω i j be the connection forms of∇. Then for ∇ =∇ + p ∈ [∇], we have
Thus there is a unique p for which ∇τ = 0. The Bianchi identity R ij k k = 2 Ric [ji] implies that ∇ is Ricci symmetric.
From now on, we will restrict ourselves to representative connections given as in the above lemma. If we change a projective scale as τ = e −Υ τ, Υ ∈ C ∞ (N ), the connection transforms by ∇ = ∇ + dΥ. We define the projective Schouten tensor P ij ∈ E (ij) and the projective Weyl tensor
For a change of the scale τ = e −Υ τ , the projective Weyl tensor is invariant and the projective Schouten tensor satisfies
where Υ i = dΥ. A projective structure is said to be locally flat if C ij k l = 0. This is equivalent to the condition that on a neighborhood of any point in N there exists a projective scale such that the corresponding connection in the projective class is flat. We call such a projective scale an affine scale. From the Bianchi identity
2.2. Projective tractor bundle and tractor connection. We review the construction of the tractor bundles and tractor connections for projective manifolds by following [BEG] . We refer to [ČG1] for the general construction of tractor bundles for parabolic geometries.
Let π : N → N be the R + -bundle of positive elements in E(−1). Let R + act on T N by s · u := s −1 (δ s ) * u, where δ s is the dilation in the fibers of N . Then E I := T N /R + becomes a rank (n + 2) vector bundle over N , and is called the projective tractor bundle. We call an element ν I ∈ E I a tractor. We often identify a section of E I with a vector field on N homogeneous of degree −1. Since the inclusion π * E(−1) ⊂ T N is R + -invariant, E I contains E(−1) as a line subbundle, which is the kernel of the well-defined projection E I −→ E i (−1). Thus we have an exact sequence
If we choose a projective scale τ ∈ E(1) then N is trivialized by τ −1 and accordingly the sequence (2.1) splits:
.
So a tractor is represented as
be the expression in terms of another scale τ = e −Υ τ . Then two expressions are related as
The inclusion E(−1) ֒→ E I is described as λ → λT I , where
The tractor connection is a projectively invariant linear connection on E I defined by
in a chosen projective scale. We can also consider the dual or tensor products of the projective tractor bundles, and we also call them "tractor bundles". The transformation laws and the induced tractor connections are computed from (2.2) and (2.3). For the dual bundle
We define the curvature of the tractor connection by
Then we have
Thus the projective tractor connection is flat if and only if the projective structure [∇] is locally flat. Let E * (w) denote a weighted tractor bundle with arbitrary tractor indices. The projective tractor D-operator D I : E * (w) → E I * (w − 1) is defined by
where in the second slot, we use the connection induced by the tractor connection and the flat connection on E(w) relative to a chosen scale τ ∈ E(1). It is immediate to check that D I is a projectively invariant differential operator. A calculation shows that the commutator of the D-operator satisfies
We can give a characterization of the affine scale via projectively invariant differential operators:
Proposition 2.2. Assume that [∇] is locally flat and let τ ∈ E(1) be a projective scale. Then the following are equivalent:
Proof. The equivalence of (ii) and (iii) follows from the equation
If we compute in the scale τ , we have (Here and after, the defining functions or defining densities are assumed to be negative inside the domain.) Note that the condition is independent of the choices of ∇ and ρ. In order to formulate the real Monge-Ampère equation on Ω, we will define the determinant of an element in E ij (w) or E IJ (w). Take a projective scale τ ∈ E(1). First we define det :
where in the right-hand side we take the determinant in a unimodular frame with respect to the volume τ −(n+2) . Then, det φ ij is independent of τ since we have det τ = e −(2n+4)Υ det τ for another projective scale τ = e −Υ τ . Next we define det :
Note that each component in the matrix has weight w + 2. One can show that the determinant is invariant under the change τ = e −Υ τ by using the transformation law
Now the real Monge-Ampère equation for a density ρ ∈ E(2) is defined by
For a defining density ρ ∈ E(2), we call g IJ = D I D J ρ a pre-ambient metric. By strict convexity of M , g IJ is identified with a Lorentz metric on N near M which is homogeneous of degree 2. Then the Monge-Ampère equation is equivalent to det g IJ = −1. Note, however, that the equation does not imply that g IJ is Ricci flat, unlike in the complex case. The real Monge-Ampère equation can be rewritten as an equation for a density u ∈ E(1)| Ω which is continuous up to M but may not be a defining density. Setting
Thus (3.1) is equivalent to
The differential operator ∇ i ∇ j + P ij on E(1) is the projecting part of D I D J so it is projectively invariant. It is also known as the first BGG operator associated with the representation of SL(n + 2, R) on (R n+2 ) * . The generalization of real Monge-Ampère equation via the first BGG operator is also considered by Fox in [Fo] .
With a solution ρ or u to the Monge-Ampère equation, we define a projectively invariant metric on Ω by (3.3)
We call g ij the Blaschke metric by following [Sa1] . In the case where
and [∇] is the canonical flat projective structure, unique existence of the solution to (3.2) has been proved by Cheng-Yau:
For Ω = B n+1 , the solution is given by u(x) = −(1 − |x| 2 ) 1/2 and the Blaschke metric agrees with the Klein model hyperbolic metric.
3.2. Fefferman's approximate solution. We do not have the existence theorem for the Monge-Ampère equation on convex domains in general projective manifolds, but we can construct an asymptotic solution to (3.1) by the method of Fefferman [Fe] (see also [Sa2] for the real case).
Lemma 3.2. Let ρ ∈ E(2) be a defining density of Ω. (i) For any positive function f ∈ E, it holds that
(ii) Let m ≥ 2 and suppose that ρ satisfies J [ρ] = −1+Kρ m−1 with K ∈ E(2−2m). Then for any density φ ∈ E(2 − 2m), it holds that
Moreover, if m ≥ 3 we also have
Proof. (i) Using row and column transformations, we have
Thus we obtain (3.4).
(ii) We note that ∆φ = − g 
Then, dividing the first row by 1 − 2m(m − 1)φρ m−1 , we have
Thus we obtain (3.5) and (3.6).
Proposition 3.3. There exists a defining density ρ ∈ E(2) such that
where O ∈ E(−n − 2). Moreover, such a density is unique modulo O(ρ ∞ ) for n odd, and unique modulo O(ρ n/2+2 ) for n even.
Proof. Take an arbitrary defining density ρ ∈ E(2). Since M is strictly convex,
. Then we inductively improve the approximate solution by using (3.5) up to m = n/2 + 1 when n is even and for all m when n is odd. We use Borel's lemma to obtain the infinite order approximate solution for n odd. The uniqueness up to the stated order also follows from (3.5).
We call a defining density which satisfies (3.7) a Fefferman defining density. By Lemma 3.2, we can show that O| M is independent of the choice of a Fefferman defining density and it vanishes if and only if there exists ρ such that
3.3. Volume expansion of the Blaschke metric. Let ρ ∈ E(2) be a Fefferman defining density and set u = −(−2ρ) 1/2 ∈ E(1). We define the Blaschke metric g ij by (3.3) near the boundary and extend it to a Riemannian metric on Ω. Then the volume expansion of g ij is given by the following theorem:
Theorem 3.4. Let τ ∈ E(1) be a projective scale and put u := τ −1 u ∈ E. Then we have the expansion
The constant term V is independent of the choice of τ when n is odd while L is independent of the choice of τ when n is even.
We call the constant term V the renormalized volume of g.
Proof of Theorem 3.4. The approximate Monge-Ampère equation (3.7) is equivalent to
where m = n + 2 for n even and m = ∞ for n odd. Thus we have
Near the boundary we identify Ω with the product M × (−ǫ 0 , 0), where the second component is given by ρ = τ −2 ρ. Take a volume form vol M on M , and write
Integrating both sides, we obtain the desired volume expansion. Let τ = e −Υ τ be another projective scale, and set ρ = τ −2 ρ, u = τ −1 u. Near the boundary, u and u are related as u = b(x, ρ ) u with some b ∈ C ∞ (M × (− ǫ 0 , 0]). Then the difference of the volumes of sublevel sets is
When n is odd, we can see that this integral is odd in ǫ so it does not contain the constant term. Therefore, V is invariant under rescaling of τ . When n is even, the difference does not contain the logarithmic term, so L is invariant.
4. Relation to geometry on the boundary 4.1. Geometry of hypersurfaces in projective manifolds. Let (N, [∇] ) be an oriented projective manifold of dimension n + 1, and let Ω ⊂ N be a relatively compact domain with strictly convex boundary M . We assume that the projective structure [∇] is locally flat. We review the geometric structure induced on the hypersurface M ; see, e.g., [NS] for details. We fix a projective scale τ ∈ E(1) and a defining function ρ. Take a vector field ξ ∈ Γ(M, T N ) with dρ(ξ) > 0. Then according to the decomposition T N | M = T M ⊕ Rξ, we have
ξ defines a torsion-free affine connection on T M and h becomes a symmetric 2-tensor, called the affine second fundamental form. Moreover, strict convexity of M implies that h is positive definite, so it is called the affine metric. We denote the Levi-Civita connection of h and its curvature by ∇ h and R h respectively. The endomorphism S is called the affine shape operator. These quantities depend on the choice of the transverse field ξ. However we can take ξ canonically by imposing some normalization conditions:
Proof. We take an arbitrary ξ ∈ Γ(M, T N ) with dρ(ξ) > 0. Then any other ξ ′ ∈ Γ(M, T N ) such that dρ(ξ ′ ) > 0 can be written in the form ξ ′ = φξ + Z with φ > 0 and Z ∈ Γ(T M ). A calculation shows that the corresponding tensor fields are given by h
Then since h is nondegenerate, the condition η ′ = 0 uniquely determines Z.
The transverse vector field ξ in Lemma 4.1 is called the affine normal field associated with the projective scale τ . The transformation laws under rescaling of τ are given by the following Proposition 4.2. Let τ = e −Υ τ be another projective scale. Then it holds that
where grad h Υ denotes the gradient vector field of Υ| M with respect to the metric h.
Since the affine metric transforms conformally under a change of τ , the conformal structure [h] is well-defined. Recall that the conformal density bundle on M is defined by
is called the conformal metric. We raise and lower the indices with h αβ and its inverse h αβ . We put conformal weight −2 on the affine shape operator and
. Note that S α β depends on 1-jet of the scale along the boundary.
From the transformation laws of the induced connection ∇ ξ and the Levi-Civita connection ∇ h , it follows that their difference A αβ γ = ∇ h α − ∇ ξ α , called the FubiniPick form, is a conformally invariant tensor. This tensor is a fundamental invariant of M , and it is a classical theorem that the Fubini-Pick form vanishes identically if and only if M is locally equivalent to the sphere (see [NS] for a proof): 
As a consequence of the flatness of the projective structure [∇], A αβγ and S αβ have the following symmetries:
Proposition 4.4. The Fubini-Pick form A αβγ and the affine shape operator S αβ satisfy
Proof. Take a local frame {e α } for T M . Then {e ∞ = ξ, e α } forms a local frame for T N | M . Let {θ ∞ , θ α } be the dual frame. Since ξ is affine normal, the connection forms of ∇ satisfy
where ω ξ α β is the connection forms of ∇ ξ . Thus the curvature forms satisfy
On the other hand, from C ij k l = 0 we have
. To prove that A αβγ is trace-free, it suffices to show ∇ ξ vol h = 0. For any X, X 1 , . . . , X n ∈ Γ(T M ), we have
. . , X n ). Thus A αβγ is trace-free.
4.2. Volume expansion and affine invariants. By an affine invariant of the boundary, we mean a linear combination of complete contractions of h αβ , R h αβγµ , A αβγ , S αβ and their covariant derivatives with respect to ∇ h in a chosen projective scale. Recall that affine invariants depend only on 1-jet of the projective scale along the boundary. In this subsection we prove that, given a 1-jet of the projective scale along the boundary, there exists an appropriate extension of the scale such that the coefficients c j and L in (3.8) can be written as the integrals of some affine invariants over M .
Let ρ ∈ E(2) be a Fefferman defining density and g ij be the associated Blaschke metric on Ω. Until the normalization of the projective scale is involved, we work in an arbitrary projective scale τ ∈ E(1). Set ρ = τ −2 ρ and let ∇ ∈ [∇] be the representative connection such that ∇τ = 0. By strict convexity of M , there exists a unique ξ ∈ Γ(T N ) near M which satisfies
We call r := ξ i ξ j ∇ i ∇ j ρ the transverse curvature. If we take a local frame {e α } for the subbundle Ker dρ ⊂ T N , the tuple {e ∞ = ξ, e α } forms a local frame for T N . Let {θ ∞ = dρ, θ α } be the dual frame. Then we have
where h αβ is the affine metric on each level set of ρ. The ambient metric g IJ satisfies
where r := τ −2 r.
Lemma 4.5. The vector filed ξ| M agrees with the affine normal field.
Proof. First, using the characterization (4.1) we have
for X ∈ Γ(T M ). This implies η = 0. Next, if we take {ξ, e α } so that the dual frame {dρ,
Thus, at the boundary it holds that
Therefore ξ| M is the affine normal field.
Let F : M × (−ǫ 0 , 0] −→ U ⊂ Ω be the diffeomorphism defined by the flow generated by ξ. Since ξρ = 1 and ρ| M = 0, it holds that the second component of F −1 equals ρ and F * ∂/∂ρ = ξ. We regard differential forms on M as those on M × (−ǫ 0 , 0] by pulling them back with the first projection. Take a local frame {e α } for Ker dρ such that the frame {e ∞ = ξ, e α } is unimodular with respect to τ −(n+2) , and let {θ ∞ = dρ, θ α } be the dual frame. Then we can write as
for a function v with v(x, 0) = 1. In view of the proof of Theorem 3.4, the coefficients c j and L are the integrals of the Taylor coefficients in ρ of v(x, ρ) at the boundary. In order to obtain the expansion of v, we will find a differential equation which v satisfies. Taking exterior derivatives of both sides of
We write the connection forms of ∇ as ω j i = Γ kj i θ k . Since ∇ is torsion-free, it holds that dθ i = θ j ∧ ω j i , and thus we compute as
2). Therefore we obtain (4.5)
where S is the affine shape operator on each level set of ρ. From (4.4) and (4.5), we obtain the following differential equation for v:
Here, we have regarded v as a function on U . Thus the expansion of v is reduced to those of r and trS. We will work in a special local frame:
Lemma 4.6. Let {e α } be a local frame for T M which is unimodular with respect to h. If one extends {e α } by the parallel transport relative to ∇ along the integral curves of ξ, then it becomes a local frame for Ker dρ ⊂ T N .
Proof. We set f = dρ(e α ) for fixed α. By ∇ ξ e α = 0 and (4.2), we have ξf = (∇ ξ dρ)(e α ) = rf . Thus f is the solution to the ODE ξf = rf , f | M = 0. It follows that f = 0 and so e α ∈ Ker dρ.
We call {e ∞ = ξ, e α } an adapted frame for T N when {e α } is given as above. In an adapted frame, the connection forms of ∇ are given by
where C α is a function, and ω ξ α β restricts to the connection form of the induced connection on each level set and satisfies ω ξ α β (ξ) = 0. In the sequel, we will derive equations for the computation of the expansions of S α β , h αβ , C α , r, and P ij in a fixed adapted frame.
First, the structure equation
where R ξ γµ β α is the curvature tensor of ∇ ξ . Comparing the coefficients of both sides of the above equations and using
ξ h αβ − rh αβ + h αγ S β γ + P αβ = 0, (4.10)
The contractions of (4.9) and (4.12) yield
where Ric ξ αβ is the Ricci tensor of ∇ ξ . Next, we take the exterior derivatives of both sides of
and compare the coefficients of dρ ∧ θ γ ∧ θ µ to obtain
Taking the trace of the equation, we have (4.15)
We shall derive an equation for r from the Monge-Ampère equation. If we write
with a function ϕ, we have
and thus (4.16) ξϕ = −r.
Let ψ i j be the Levi-Civita connection forms of g ij with respect to the frame {e ∞ , e α }. Then, since
we have
by (4.16). In the adapted frame, the Blaschke metric is given by
where h αβ = h αβ + 2ρP αβ . Therefore, setting h αβ = ( h αβ ) −1 , we have
By (4.10) we also have
Consequently the right-hand side of (4.17) is written as
On the other hand, by the approximate Monge-Ampère equation (3.7), we have
(We will write the formulas only in the case where n is even; when n is odd, terms which come from O ρ n/2+1 are replaced by O(ρ ∞ ).) It follows that the left-hand side of (4.17) satisfies
As a result we obtain (4.18) (n + 2)r + ξ log 1 − 2rρ − 4ρ 2 P ∞∞ + 8ρ 3 h γµ P γ∞ P µ∞ + ξ log det δ α β + 2ρh
Finally we consider the expansion of P ∞∞ , which involves a normalization of the projective scale. We set
Note that the condition X i (∇ i τ − µ i ) = 0 is independent of the choice of ∇ ∈ [∇] since it is the projecting part of X i ∇ i τ I . The set S can be viewed as the space of 1-jets of projective scales at the boundary M , so a choice of an element of S determines affine invariants on M . For each τ I ∈ S, we construct a projective scale near M as follows: Take the affine normal field ξ along the boundary, which is determined by τ I . Then we extend τ I by the parallel transport with respect to the tractor connection along the geodesic paths of [∇] with initial velocity ξ. The top slot of the extension of τ I is positive near M so it defines a projective scale whose 1-jet is given by τ I . We call a projective scale constructed in this way a normalized scale. A global affine scale τ is a normalized scale since D I τ is a parallel tractor by Proposition 2.2.
Lemma 4.7. Let τ ∈ E(1) be a normalized scale and ∇ ∈ [∇] the corresponding representative connection. Let c be the geodesic of ∇ whose initial velocity is given by the affine normal field ξ. Then the velocity vector field V i of c satisfies
where P ij is the projective Schouten tensor of ∇.
Proof. Let τ I = (τ, µ i ) be the extension of the 1-jet of τ by the parallel transport along c. By the normalization condition on τ it holds that
Since V j ∇ j V i = 0, the first slot of (4.19) implies
Then it follows from the second slot of (4.19) that
Thus we have
We write V = V ∞ ξ+V α e α with an adapted frame {ξ, e α }. Then since
These equations enable us to compute the expansion of P ∞∞ together with the expansions of V ∞ and V α . Now we have completed the derivation of all equations that we use in the calculation of expansions of affine invariants. We will need some commutation relations in the computations. In the following lemma, we present the commutation relation for a tensor t β γ , but the equation can be extended in an obvious way for general type of tensors.
Lemma 4.8. Let {ξ, e α } be an adapted frame. For a tensor field t β γ ∈ Γ(Ker dρ ⊗ (Ker dρ) * ), one has
Proof. We extend t β γ to t j k by setting t ∞ γ = t β ∞ = t ∞ ∞ = 0. By (4.7), we have
Comparing the above two expressions for ∇ ∞ ∇ α t β γ , we obtain the desired equation.
Proposition 4.9. Let τ ∈ E(1) be a normalized projective scale and ρ ∈ E(2) a Fefferman defining density. Then in an adapted frame {ξ, e α }, the boundary values of
are determined by (4.8), (4.10), (4.11), (4.13), (4.14), (4.15), (4.18), and (4.20) for k ≤ n/2 − 1 when n is even and for all k when n is odd. Moreover they are expressed in terms of h αβ , S α β , Ric h αβ , A αβγ and their covariant derivatives with respect to ∇ h .
The proof is given by the induction on k; we differentiate the equations in the ξ-direction repeatedly and use Lemma 4.8 to obtain the Taylor coefficients as tensors on the boundary. If we differentiate (4.18) k times, the coefficient of ξ k r becomes n − 2k, so when n is even, ξ k r| M is determined up to k = n/2 − 1. When k = n/2, we obtain the expression of the obstruction O in terms of tensors on the boundary.
By (4.6) and Proposition 4.9, we obtain the following theorem: 
Explicit calculations.
We calculate the expansion of v and present an explicit formula for L when n = 2. Setting ρ = 0 in (4.14), we have
where ( 
By (4.6) we have
Therefore, when n = 2, L agrees with a nonzero multiple of
by the Gauss-Bonnet theorem. We will give a formula for L when n = 4 in a suitably chosen scale in §5.5.
Conformal Codazzi structure
5.1. Correspondence between projective and conformal tractor bundles. Let (N, [∇] ) be an (n + 1)-dimensional locally flat projective manifold and let M ⊂ N be a strictly convex hypersurface. Then we have two bundles over M : the restriction of the projective tractor bundle E I and the conformal tractor bundle for the affine metric, which we denote by E I . We will see that there exists a canonical isomorphism between these two bundles.
First we recall the conformal tractor bundle and conformal tractor connection. For each choice of a conformal scale κ ∈ E[1], the conformal tractor bundle is expressed as
If we change the scale as κ = e −Υ κ, the expression transforms as
The tractor metric h IJ ∈ E (IJ) is a conformally invariant symmetric form defined by
where
h αβ is the (conformal) Schouten tensor of the representative metric h αβ = κ −2 h αβ . The tractor connection is conformally invariant and preserves the tractor metric. The curvature of the connection is given by
is the Cotton-York tensor and
is the conformal Weyl tensor. When n = 2, we need an additional structure on (M, [h] ) in order to define a tractor connection. For a fixed conformal scale κ ∈ E[1], we set (5.4)
where tfS αβ denotes the trace-free part of S αβ with respect to h αβ . Then, by Proposition 4.2 and 4.4, it holds that
for a rescaling κ = e −Υ κ. These are the equations described in [R, Definition 2.2] so P αβ defines a Möbius structure on (M, [h] ) in the sense of [R] . (See also [C] for Möbius structures.) We denote the set {P
, so it is a 2-dimensional analogue of the conformal Schouten tensor. We set P h αβ := P αβ for a Möbius surface and define the Möbius tractor connection by (5.2). The curvature is given by (5.3) with W h αβγδ = 0. Let us denote the inclusion map by ι : M → N . The isomorphism between E I | M and E I is given by the following proposition:
Proposition 5.1. Let τ ∈ E(1) be a projective scale and set
where ξ i is the affine normal field. Then the bundle isomorphism
Proof. Let τ = e −Υ τ be another projective scale. By Proposition 4.2 and (5.1), we have
This agrees with the transformation formula for the projective tractor, so Φ is invariant under rescaling. Let ρ be a Fefferman defining density of M . Using (4.3) and (4.22), we have
Remark 5.2. The correspondence between the projective and conformal tractor bundles is also considered byČap and Gover [ČG2] in the context of projective compactification. In our setting, when ∇ ∈ [∇] is a representative connection corresponding to a projective scale τ and ρ = τ 2 ρ is a Fefferman defining density, the connection ∇ ′ = ∇ − (2ρ) −1 dρ is projectively compact of order 2 and the isomorphism described in [ČG2] agrees with the one given above.
5.2.
Comparison of connections on the conformal tractor bundle. We denote by ∇ proj α the restriction of the projective tractor connection to E I | M , and set
• Φ. A calculation shows that the flat connection ∇ and the conformal (Möbius) tractor connection ∇ are related as
where (5.6)
in any projective scale τ ∈ E(1). By (4.14), it holds that E γ γ + G γ γ = 0. The following proposition asserts that the flatness of the connection ∇ determines E αβ , G αβ , F α and imposes some equations on A αβγ : Proposition 5.3. Let ∇ be a connection on E I of the form (5.5) with some tensors
When n = 2, we also assume that tf(E αβ − G αβ ) = 0. Then ∇ is flat if and only if the following two conditions hold:
The tensors E αβ , G αβ and F α satsify
(ii) The tensor A αβγ satisfies the Gauss equation
and the Codazzi equation
Proof. We denote the curvature of ∇ α and ∇ α by Ω ∇ αβM K and Ω ∇ αβM K respectively. Then we can compute as
By taking the symmetric part of (5.15), we have
Using the assumption E γ γ + G γ γ = 0, we see that Ω αβ(µγ) = 0 if and only if E βγ + G βγ = −(2/n)(δA) βγ and A αβγ satisfies (5.13). Note that the equation (5.13) always holds when n = 2 since a tensor K αβµγ = K [αβ](µγ) is determined by the trace K αβ α γ . Next we take the skew symmetric part of (5.15) to obtain 
Since we have assumed that tf(E βγ − G βγ ) = 0, this is equivalent to E βγ − G βγ = (1/2)|A| 2 h βγ . Thus the condition Ω αβµγ = 0 determines E αβ and G αβ as in (5.7) and (5.8), and imposes the equations (5.10) and (5.13).
By (5.7), (5.8), (5.16) and (5.17), we have
When n ≥ 3, as Y βγ γ = 0, we see that Ω γβ∞ γ − Ω γβ γ0 = 0 follows from (5.13), so the condition Ω γβ∞ γ = Ω γβ γ0 = 0 is equivalent to the equation (5.9). On the other hand, when n = 2 it holds that
Therefore Ω γβ∞ γ = Ω γβ γ0 = 0 is equivalent to (5.9) and (5.12). Let us consider the Bianchi identity
When Ω αβµγ = 0, the above equation for (M, K) = (µ, γ) and (M, K) = (∞, γ) gives (5.20) Taking the traces of (5.19) under the condition Ω γβ∞ γ = Ω γβ γ0 = 0, we have
It follows that Ω αβ∞ γ = Ω αβ γ0 = 0 when n = 3 and that Ω αβ∞ γ + Ω αβ γ0 = 0 when n = 3. Then, when n = 3 the equation (5.20) implies (n − 2)Ω αβ∞ 0 = 0 so that ∇ is flat when n ≥ 4. When n = 2, it follows from (5.18), (5.7), (5.8), and (5.9) that Ω αβ∞ 0 = 0 is equivalent to the equation (5.14). When n = 3, the equation Remark 5.4. When n = 2 there are surfaces which have the same conformal structure and the same Fubini-Pick form but have different Möbius structures, so we need the condition tf(E αβ − G αβ ) = 0 to fix a Möbius structure. In the case of
• Φ, we can directly prove the equations (5.7) and (5.8) by using (4.14), (5.4) and the fact that Ric αβ = (1/2)Scal h h αβ , A αµν A β µν = (1/2)|A| 2 h αβ .
Comparing (5.6) with (5.7) and (5.8), we obtain the following identities:
Next we compare the Levi-Civita connection ∇ of the ambient metric and the conformal tractor connection. We decompose A αJ K into the symmetric and the skew symmetric parts:
. Then we have the following proposition:
Proposition 5.5. Let ρ be a Fefferman defining density and let ∇ I be the LeviCivita connection of the ambient metric g IJ = D I D J ρ. Then the restriction ∇ α is well-defined and satisfies
where ∇ α is the conformal (Möbius) tractor connection. In particular,
We fix a projective scale τ ∈ E(1), and work in an adapted frame {e ∞ = ξ, e α }. Using (4.7), (4.22), and (5.6), we can show that the identities
. By (5.7) and (5.8), it holds that
Since trP A = (1/2(n − 1))|A| 2 , the condition A ′′ αJK = 0 is equivalent to A αβγ = 0.
5.3. Conformal Codazzi manifold. As an intrinsic geometric structure of a hypersurface in a locally flat projective manifold, we define the conformal Codazzi structure as follows:
Definition 5.6. Let M be a C ∞ -manifold of dimension n. When n ≥ 3, a conformal Codazzi structure is a pair ([h], A αβγ ) , where [h] is a conformal structure and A αβγ ∈ E (αβγ)0 [2] satisfies the Gauss-Codazzi equations (5.10), (5.13) for n ≥ 4 and (5.11), (5.13) for n = 3. When n = 2, a conformal Codazzi structure is a triad
is a conformal structure, [P] is a Möbius structure and A αβγ ∈ E (αβγ)0 [2] satisfies the Gauss-Codazzi equations (5.12), (5.14).
We will call (M, [h] , A αβγ ) a conformal Codazzi manifold, suppressing the Möbius structure [P] when n = 2. On the conformal tractor bundle over a conformal Codazzi manifold, there is a flat connection ∇ defined by (5.5) with (5.7), (5.8), and (5.9). We call the connection ∇ the conformal Codazzi tractor connection.
We observe that when A αβγ satisfies the Gauss-Codazzi equations, then A * αβγ := −A αβγ also satisfies the equations. We call ([h] , A * αβγ ) the dual conformal Codazzi structure. The corresponding conformal Codazzi tractor connection ∇ * is given by
and called the dual conformal Codazzi tractor connection. It is the dual connection of ∇ with respect to the conformal tractor metric h IJ in the sense that
holds for U I , V I ∈ E I . Recall from [BEG] that the conformal tractor connection is defined via the prolongation of the conformal-to-Einstein equation tf(∇
We will see that when n ≥ 3 the conformal Codazzi tractor connection is also defined via the prolongation of a conformally invariant differential equation. We set
. When M is a hypersurface of a locally flat projective manifold, the tensor P αβ agrees with tfP αβ by (5.21). We consider a conformally invariant differential equation
Suppose that σ is a solution to (5.23) and set µ α = ∇ h α σ. Then there exists a density ϕ ∈ E[−1] such that
Thus the 2-jet of σ at a point x ∈ M is determined by (σ x , (µ α ) x , ϕ x ). If we change the conformal scale by Υ, the triad t (σ, µ α , ϕ) transforms as (5.1). Therefore we have the following isomorphism:
, where j 2 σ denotes the 2-jet of σ and J 2 E[1] denotes the jet bundle. Taking the divergence of (5.24) and using (5.13), we have
It follows that the linear connection on E I defined by the prolongation of the equation (5.23) coincides with ∇. 
We shall consider the dual of this construction. We set
The tensor S αβ is the dual of P αβ and agrees with tfS αβ by (5.21) when M is a hypersurface of a locally flat projective manifold. The dual conformal Codazzi tractor connection ∇ * is given by the prolongation of the equation dual to (5.23):
is a solution to (5.23) or (5.25) if and only if it holds in the scale σ that P αβ = 0 or S αβ = 0 respectively. Since ∇ and ∇ * are flat, such a scale always exists locally. Thus we obtain the following proposition:
Proposition 5.7. Let (M, [h] , A αβγ ) be a conformal Codazzi manifold of dimension n ≥ 3. Then there exists a local conformal scale for which P αβ = 0 holds, and there also exists one for which S αβ = 0.
5.4. Projective Bonnet theorem. We will prove that the conformal Codazzi structure recovers the local immersion to the projective space and hence it has complete information on the local geometric structure of a hypersurface in a locally flat projective manifold. Proof. We denote by T the conformal tractor bundle over M . Let Ψ ∈ ∧ n+2 T * be the volume form of the tractor metric. Then since A αJ J = 0, the conformal Codazzi tractor connection ∇ preserves Ψ. It follows from the flatness of ∇ that there exist a neighborhood U of any point p 0 ∈ M and a frame {e I } for T | U which is parallel with respect to ∇ and unimodular with respect to Ψ. We write φ : T | U → U × R n+2 for the trivialization via the frame {e I }. Then we have φ(∇ X V ) = Xφ(V ) for X ∈ Γ(T U ) and V ∈ Γ(T | U ). Since T contains E[−1] as a line subbundle, we can define the map f :
. LetT andE(−1) be respectively the projective tractor bundle over RP n+1 and the projective density bundle of weight −1 over RP n+1 . ThenT is the trivial bundle andE(−1) coincides with the tautological line bundle. Moreover the conformal Codazzi tractor connection onT , which we denote by∇, is the canonical flat connection on RP n+1 × R n+2 . By the definition of f it holds that
Let (x 0 , . . . , x n+1 ) be the homogeneous coordinates on RP n+1 . As we may assume that f (U ) ⊂ {x 0 = 0}, we identify f with a map to the affine space R n+1 ∼ = {x 0 = 1}. The hyperplane {x 0 = 1} in R n+2 defines a section ofE(−1) and hence defines a projective scaleτ ∈E(1). We decompose T | U by the conformal scale τ := f * τ as T | U = E ⊕ T U ⊕ E.
Setting T := t (0, 0, 1) ∈ Γ(T | U ), we have f = φ(T ) and hence f * X = Xφ(T ) = φ(∇ X T ) = φ(X)
for any X ∈ Γ(T U ). Therefore, f * = φ : T U → R n+1 and f is an immersion. Let us consider the conformal Codazzi structure induced on the hypersurface f (U ) ⊂ R n+1 . We set Y := t (1, 0, 0) ∈ T | U . Let π :T | R n+1 → T R n+1 be the projection along φ(T ) and set ξ := π(φ(Y )) ∈ Γ(f (U ), T R n+1 ). We will see that ξ is identical to the affine normal field on f (U ) for the projective scaleτ . First, leth be the affine second fundamental form on f (U ) with respect to ξ. We note that the representative connection ∇τ for the scaleτ agrees with the canonical flat connection on R n+1 . For X, Z ∈ Γ(T U ), we have ∇τ f * X f * Z =∇ f * X f * Z = f * ∇ X Z = φ(∇ X Z),
where ∇ X Z is of the form (5.26)
with h αβ := τ −2 h αβ . Since the ξ-component of φ(∇ X Z) equals the Y -component of ∇ X Z, it follows that f * h = h. We setΨ := dx 0 ∧ · · · ∧ dx n+1 ∈ ∧ n+2T * so that φ * Ψ = Ψ holds. Noting thatτ −(n+2) = dx 1 ∧ · · · ∧ dx n+1 , φ(T ) = ∂/∂x 0 + x i ∂/∂x i , and φ(Y ) ≡ ξ mod φ(T ), we have
Thus ξ τ −(n+2) )| T f (U) = volh holds. Next, for any X ∈ T U we have
where ∇ X Y is of the form The ξ-component of ∇τ f * X ξ equals the Y -component of ∇ X Y , so it vanishes. Thus we have proved that ξ is the affine normal field.
We already proved that f * h = h. By equation (5.26), we can see that the induced connection on U is given by ∇ h α − A αβ γ . Therefore, the Fubini-Pick form is equal to A αβγ . When n = 2, it follows from equation (5.27) that the affine shape operator on U is given by S αβ = P αβ + (1/2)(δA) αβ − (1/4)|A| 2 h αβ , and hence the induced Möbius structure is tfS αβ − (1/2)(δA) αβ + (1/4)Scal h h αβ = P αβ . Thus we complete the proof. 5.5. Harmonic scales. Let M be the boundary of a strictly convex domain in a locally flat projective manifold N of dimension n + 1. Then the coefficient L of the logarithmic term in the volume expansion of the Blaschke metric gives a projective invariant of M when n is even. We will show that in fact it is a conformal invariant of the conformal Codazzi manifold (M, [h] , A αβγ ). Recall that trS depends on the 1-jet of the projective scale along the boundary, and cannot be expressed in terms of the conformal Codazzi structure in general. Thus we need to introduce a normalization condition on the 1-jet of a projective scale. Let ∆ = − g IJ ∇ I ∇ J be the Laplacian of the ambient metric g IJ = D I D J ρ. Proof. (i) Letτ be an arbitrary extension of κ and set τ =τ + ρφ for a density φ ∈ E(−1). Then using ∆ρ = −(n + 2) and g IJ D J ρ = T I , we have
Thus there is a φ unique modulo O(ρ) such that ∆τ = O(ρ).
(ii) By the Monge-Ampère equation det g IJ = −1 + O(ρ n/2+1 ), the Christoffel symbols of ∇ satisfy g IJ Γ IJ K = O(ρ n/2 ). Thus we have
In an adapted frame {e ∞ = ξ, e α } for the scale τ , it holds at the boundary that Therefore using (4.3) we have ∆ τ = e −Υ τ (n ξΥ − ∆ h Υ − |dΥ| 2 h ) + O(ρ), which proves the assertion.
(iii) In an adapted frame for the scale τ , it holds at the boundary that
Thus, by (4.14), we have ∆τ | M = −τ h αβ P αβ = τ trS − 1 n − 1 (Scal h − |A| 2 ) , from which (iii) follows.
By the above proposition, a conformal scale on M determines the 1-jet of a harmonic scale and we can extend it to a normalized projective scale. Thus, it follows from Theorem 4.10 that L gives a conformal invariant of M :
Theorem 5.11. Let M be the boundary of a strictly convex domain in a locally flat projective manifold, and let κ ∈ E[1] be a conformal scale on M . Then the coefficient of the logarithmic term in the volume expansion of the Blaschke metric can be written in the form
where F is a linear combination of complete contractions of h αβ , Ric h αβ , A αβγ and their covariant derivatives with respect to ∇ h . Moreover the integral is independent of the choice of κ.
